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1 Selection

Problem: Find the k-th smallest key in a set of keys.

Selection of the minimum.

1 Function FindMin

2 min := 1

3 for i := 2 to n do

4 if A[min] > A[i]:

5 min := i

6 endif

7 endfor

Randomized selection. Find the i-th smallest element. Similar to quick sort.

1 Function Random-Select(p, r, i):

2 if p == r:

3 return p

4 else:

5 q := Random-Partition(p, r)

6 k := q - p + 1

7 if i <= k:

8 return Random-Select(p, q, i)

9 else:

10 return Random-Select(q+1, r, i-k)

In the worst case scenario, every time we remove 1 item from the array and the time
complexity is

T(n) = T(1) + T(n − 1) + O(n) = O(n2)

Now we consider the average case analysis of Random-Select. Recall that with prob-
ability 2

n the array is split 1 and n − 1, and for 2 ≤ k ≤ n − 1, with probability 1
n it is
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split into k and n − k. Therefore,
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Insertion sort with jumps. We sort the elements p, p+k, p+2k, \dots.

1 Procedure Insertion-Sort(p, k, n):

2 last := p + k

3 while last <= n do:

4 pos := last

5 while pos > p and A[pos] > A[pos-k] do:

6 swap(A[pos], A[pos-k])

7 pos := pos - k

8 endwhile

9 last := last + k

10 endwhile

Deterministic selection.

1. We start by dividing the keys in groups of 5. So for k = ⌈n/5⌉, A[j], A[j+k],

..., A[j+4k] is a group of 5.

2. Now we find the median of each group.

3. Find the median of the medians by calling this algorithm recursively.

4. Partition the array with the median-of-medians as the pivot.
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5. If i < q, then we find the key on the left part; otherwise, we find the key on the
right part.

Figure 1: Divide the keys into groups of 5.

We implement this algorithm with insertion sort.

1 Function Select(p, r, i):

2 if r - p + 1 <= 50:

3 Insertion-Sort(p, 1, r)

4 return A[p+i-1]

5 else:

6 k = ((r - p + 1) + 4) // 5

7 for j = 0 to k-1 do:

8 Insertion-Sort(p+j, k, r)

9 endfor

10 medmed = Select(p+2k, p+3k-1, k // 2)

11 swap(A[p], A[medmed])

12 q = Partition(p, r)

13 if i <= q - p + 1 then:

14 return Select(p, q, i)

15 else:

16 return Select(q+1, r, i - (q-p+1))

17 endif

18 endif

To analyze this algorithm, we ignore the ceiling and floor functions.

1. The number of median less than or greater than the medmed is n
10 .

2. The number of elements less than or greater than these medians is 2n
10 .

3. We throw away (prune) at least 3n
10 elements.

Now we estimate the time complexity.

T(n) ≤ T(n/5) + T(7n/10) + O(n)
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Figure 2: Divide the keys into groups of 5.

We prove T(n) = O(n) by assuming T(n) ≤ cn. It follows that

T(n) ≤ c
n
5
+ c

7n
10

+ O(n)

≤ c
9n
10

+ O(n)

≤ cn

We choose c such that O(n) = c′n ≤ c n
10 , which is c ≥ 10c′.
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